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Abstract
It is shown that if the modulus X of nearly uniform smoothness of a reﬂexive Banach
space satisﬁes ′
X
(0)< 1, then every bounded closed convex subset of X has the ﬁxed point
property for nonexpansive mappings. In particular, uniformly nonsquare Banach spaces have this
property since they are properly included in this class of spaces. This answers a long-standing
question in the theory.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Mappings which do not increase distances between pairs of points and their images
are called nonexpansive. Considerable effort in the development of a ﬁxed point theory
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for nonexpansive mappings, mainly in the framework of Banach spaces, has been done
since the 1965 publication of likely the most widely known result in this theory.
Theorem 1.1. If K is a bounded closed and convex subset of a uniformly convex
Banach space and if T : K → K is nonexpansive then T has a ﬁxed point.
The above theorem was proved independently by F. Browder and D. Göhde. At the
same time, W.A. Kirk [22] established a more general result.
Theorem 1.2. If K is a weakly compact convex subset of a Banach space with normal
structure and if T : K → K is nonexpansive then T has a ﬁxed point.
Normal structure is a geometric property somewhat more general than uniform con-
vexity. In [30], one can see a detailed study of sufﬁcient conditions for this property
as well as their permanence properties.
In order to simplify the statement of the above and other similar theorems, it is
usual to say that a Banach space X has the ﬁxed point property for nonexpansive
mappings (FPP for short) whenever each nonexpansive selfmapping of each nonempty
closed convex bounded subset K of X has a ﬁxed point. When the same holds for every
weakly compact convex subset of X we say that X has the weak ﬁxed point property for
nonexpansive mappings (WFPP in short). For reﬂexive Banach spaces both properties
are obviously the same.
In 1981, D. Alspach [23] found a ﬁxed point free nonexpansive mapping leaving
invariant a weakly compact convex subset of L1[0, 1], which up to now is in fact the
most relevant example of a (nonreﬂexive) Banach space lacking WFPP. On the other
hand, it is still a (famous) open problem whether reﬂexive Banach spaces have the
FPP. Even more, it is unknown if this is true for superreﬂexive Banach spaces, despite
the fact that B. Maurey showed before 1982 (see [8]) that nonempty closed convex
bounded subsets of superreﬂexive Banach spaces have the FPP for isometries.
Since every uniformly nonsquare Banach space, that is with ε0(X) < 2 (see deﬁ-
nitions below), is superreﬂexive, a more speciﬁc case of the above problem is: Does
ε0(X) < 2 imply the FPP for X?. This question is explicitly posed in several works
such as [4,5,9,12,13,20,28].
According to the Browder–Göhde Theorem, a Banach space X with ε0(X) = 0 enjoys
the FPP. Moreover, in 1970 K. Goebel [16] showed that every Banach space X with
ε0(X) < 1 has normal structure, and hence the FPP.
On the other hand, it was noted by W.L. Bynum in 1972 that the normal structure
method is not sufﬁcient for establishing the FPP for all the spaces with ε0(X) < 2. He
pointed out in [3] that the Banach space 2,∞ satisﬁes ε0(2∞) = 1 but lacks normal
structure.
Subsequently, the problem of the FPP for uniformly nonsquare Banach spaces—in
absence of normal structure—has been widely studied. Many works in metric ﬁxed
point theory published in the last 30 years studied sufﬁcient conditions for the FPP in
(super)reﬂexive Banach spaces which are stronger than ε0(X) < 2 (see, for instance,
[4,5,9,12–14,18–21,27,28,31]).
496 J. García-Falset et al. / Journal of Functional Analysis 233 (2006) 494–514
In this paper we show that if X is a reﬂexive Banach space, and ′X(0) < 1, where
X is the modulus of nearly uniform smoothness of X, then X has the FPP. Moreover,
we will see that the uniformly nonsquare Banach spaces are strictly included in this
class of spaces. Thus as a by-product we obtain the result of the title of the paper.
The strategy of the proof is to establish the following implications (here (R) denotes
reﬂexivity, and the remaining coefﬁcients are deﬁned in the sequel):
uniformly nonsquare ⇐⇒ ′X(0) < 1 (by Kato et al. [20])
⇒ (R) + ′X(0) < 1
⇐⇒ (R) + MW(X) > 1
⇒ (R) + M(X) > 1
⇒ FPP (by Domínguez-Benavides [7]).
2. Preliminaries
By BX and SX we will denote, respectively, the unit ball and the unit sphere of a
Banach space X, diam A will denote the diameter of a bounded set A ⊂ X and X∗
will stand for the dual space of X endowed with the usual dual norm. The symbol ‘ w→’
will be used for denoting the convergence of a sequence in X with respect to the weak
topology w = (X,X∗) and the symbol ‘w∗→’ for denoting the converge of a sequence
in X∗ with respect to the weak* topology w∗ = (X∗, X). For two real numbers , 
we will write  ∧  := min(, ) and  ∨  := max(, ). The following deﬁnitions,
properties and results will be used in this paper.
The characteristic of convexity of X is deﬁned by ε0(X) := sup{ε ∈ [0, 2] : X(ε) =
0}, where X(ε) = inf{1 − 12‖x + y‖ : ‖x‖1, ‖y‖1, ‖x − y‖ε} is the Clarkson
modulus of convexity of X. A Banach space X is said to be uniformly nonsquare
whenever ε0(X) < 2.
In [7], Domínguez-Benavides proved an important result on the existence of ﬁxed
points for nonexpansive mappings. In order to do this, he deﬁned, for a Banach space




n→∞ ‖x + xn‖
}
,
where the supremum is taken over all x ∈ X with ‖x‖a and all weakly null sequences
(xn) in BX such that
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The following result was obtained in [7] using an embedding into l∞(X)/c0(X).
Theorem 2.1. A Banach space X has the WFPP whenever M(X) > 1.
On the other hand, inspired on the underlying ideas in the deﬁnition of nearly
uniformly smooth spaces given by S. Prus [24] as well as on the modulus of uni-











where the supremum is taken over all basic sequences (xn) in BX.
In the same paper it is shown that a Banach space X is nearly uniformly smooth if















: (xn) in BX, xn w→ 0
}
. (2.1)
The following theorem was proved in [15].
Theorem 2.2. If X is a reﬂexive Banach space and ′X(0) < 12 , then X has the FPP.
The following estimate of the coefﬁcient M(X) in terms of the modulus X is also
found in [7].
Theorem 2.3. Let X be a reﬂexive Banach space and let
 := inf
{





1 + 2 .
Theorem 2.2 follows from the estimate of the previous theorem and Theorem 2.1.
The question of whether 1/ is lower bound for M(X) in reﬂexive spaces was raised
in [7]. We will show that the answer to this question is also afﬁrmative.
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3. The coefﬁcient MW(X)
In this section we introduce the coefﬁcient MW(X) and obtain the results that will
ultimately allow us to conclude that ε0(X) < 2 implies the FPP for X.









n→∞ ‖xn − x‖
)
:









: a > 0
}
.
Clearly, for any Banach space X and any a > 0, we have that
max{a, 1}RW(a,X)1 + a
so
1MW(X)2.
In order to study the relationship between the coefﬁcients MW(X) and M(X), we ﬁrst
prove the following lemma.
Lemma 3.2. Let X be a Banach space. For any x ∈ X and any bounded sequence
(xn) in X, there exists a strictly increasing sequence of positive integers (nk) such that
lim inf
k→∞ ‖(xnk − xnk+1) + x‖ lim infn→∞ lim infm→∞ ‖(xn − xm) + x‖,
lim inf





Proof. Let x ∈ X and let (xn) be a bounded sequence in X.
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Denote
a := lim inf
n→∞ lim infm→∞ ‖(xn − xm) + x‖
and
b := lim inf
n→∞ lim infm→∞ ‖(xn − xm) − x‖.
We show that there exists a strictly increasing sequence of natural numbers (nk) such
that, for each k1,(
lim inf
m→∞ ‖(xnk − xm) + x‖
)
∧ (‖(xnk − xnk+1) + x‖) > a −
1
k + 1 , (3.1)
(
lim inf
m→∞ ‖(xnk − xm) − x‖
)
∧ (‖(xnk − xnk+1) − x‖) > b −
1






∨ (‖xnk − xnk+1‖) < D[(xn)] +
1
k + 1 . (3.3)
By the deﬁnitions of a, b and D[(xn)] we can choose n11, such that
lim inf















Suppose n1 < n2 < · · · < nj have been deﬁned such that, for each k ∈ {1, . . . , j}
lim inf
m→∞ ‖(xnk − xm) + x‖ > a −
1
k + 1 , (3.4)
lim inf
m→∞ ‖(xnk − xm) − x‖ > b −
1
k + 1 , (3.5)
lim sup
m→∞
‖xnk − xm‖ < D[(xn)] +
1
k + 1 (3.6)
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and, for each k ∈ {1, 2, . . . , j − 1},
‖(xnk − xnk+1) + x‖ > a −
1
k + 1 , (3.7)
‖(xnk − xnk+1) − x‖ > b −
1
k + 1 (3.8)
and
‖xnk − xnk+1‖ < D[(xn)] +
1
k + 1 . (3.9)
From (3.4)–(3.6) for k = j and the deﬁnitions of a, b and D[(xn)], we deduce that we
can ﬁnd nj+1 > nj such that
‖(xnj − xnj+1) + x‖ > a −
1
j + 1 ,
‖(xnj − xnj+1) − x‖ > b −
1
j + 1 ,
‖xnj − xnj+1‖ < D[(xn)] +
1
j + 1 ,
lim inf
m→∞ ‖(xnj+1 − xm) + x‖ > a −
1
j + 2 ,
lim inf






‖xnj+1 − xm‖ < D[(xn)] +
1
j + 2 .
By induction we conclude that there exists a strictly increasing sequence of natural
numbers (nk), such that, for all k1, (3.1)–(3.3) hold.
Consequently
lim inf
k→∞ ‖(xnk − xnk+1) + x‖a,
lim inf
k→∞ ‖(xnk − xnk+1) − x‖b




‖xnk − xnk+1‖D[(xn)]. 
We are now ready to prove the following result.
Theorem 3.3. Let X be a Banach space, such that BX∗ is w∗-sequentially compact.
For any a > 0 we have that R(a,X)RW(a,X). Therefore M(X)MW(X).
Proof. Let a > 0 and  > 0.
By the deﬁnition of R(a,X), there exist x ∈ X with ‖x‖a and a weakly null
sequence (xn) in BX with D[(xn)]1, such that
lim inf
n→∞ ‖xn + x‖R(a,X) − .
Let us choose, for each n1, fn ∈ SX∗ such that
fn(xn + x) = ‖xn + x‖.
From the sequential compactness of BX∗ with respect to the w∗ topology, we can
suppose that (fn) converges in the w∗ topology to an element f ∈ BX∗ .
Since xm
w→ 0, from the weak lower semicontinuity of the norm, we have that, for
any n1,
lim inf
m→∞ ‖(xn − xm) + x‖‖xn + x‖,
so we have
lim inf
n→∞ lim infm→∞ ‖(xn − xm) + x‖ lim infn→∞ ‖xn + x‖R(a,X) − .
Consider again n1 arbitrary. Since fm
w∗→ f , and hence
lim
m→∞ fm(xn) = f (xn),
we have that
lim inf
m→∞ ‖(xn − xm) − x‖  lim infm→∞ (−fm)((xn − xm) − x)
= lim inf
m→∞ fm(xm + x) − f (xn)
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= lim inf
m→∞ ‖xm + x‖ − f (xn)
 R(a,X) − − f (xn)
and we derive
lim inf
n→∞ lim infm→∞ ‖(xn − xm) − x‖R(a,X) − ,
since xn
w→ 0.
We have proved that(
lim inf





n→∞ lim infm→∞ ‖(xn − xm) − x‖
)
R(a,X) − .
Moreover D[(xn)]1, so, from the previous lemma, we can ﬁnd a strictly increasing
sequence of positive integers (nk) for which(
lim inf












From the last inequality it is clear that we can ﬁnd k0 so that, for any kk0,





1 +  , k1
and
y := x
1 +  .










k→∞ ‖yk − y‖
)










k→∞ ‖(xnk − xnk+1) − x‖
))
 R(a,X) − 
1 +  .
We can take limits as  → 0+ and we obtain RW(a,X)R(a,X), as desired. 
Corollary 3.4. If X is a Banach space with MW(X) > 1, then X has the WFPP.
Proof. In order to show that X has the WFPP it is well known that we can assume that
X is separable and therefore BX∗ is w∗-sequentially compact (see for example [29]), so
we can apply the previous theorem and conclude that M(X) > 1. Now the conclusion
follows from Theorem 2.1. 
4. The modulus of nearly uniform smoothness
We begin this section by giving an equivalent expression for the coefﬁcients RW(a,X)
that will facilitate their comparison with the modulus of nearly uniform smoothness.





(‖ax1 + xn‖ ∧ ‖ax1 − xn‖) : (xn) in BX, xn w→ 0
}
.
Proof. Let a > 0 and denote by R˜W(a,X) the right-hand side of the above equality.
Let  > 0, let (xn) be a weakly null sequence in BX and let x ∈ X with ‖x‖a.




x, n = 1,
xn, n2.
Clearly (yn) is a weakly null sequence in BX, so
inf
n>1
(‖ay1 + yn‖ ∧ ‖ay1 − yn‖)R˜W(a,X)
and we can ﬁnd n1 > 1 such that
‖x + xn1‖ ∧ ‖x − xn1‖ = ‖ay1 + yn1‖ ∧ ‖ay1 − yn1‖ < R˜W(a,X) + .
Suppose n1< · · ·<nk have been deﬁned such that, for each j∈{1, . . . , k}the inequality
‖x + xnj ‖ ∧ ‖x − xnj ‖ < R˜W(a,X) + 
holds.
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x, n = 1,
xn+nk , n2.
Since (zn) is a weakly null sequence in BX, we have
inf
n>1
(‖az1 + zn‖ ∧ ‖az1 − zn‖)R˜W(a,X)
so there exists k > 1 such that
‖az1 + zk‖ ∧ ‖az1 − zk‖ < R˜W(a,X) + .
Deﬁned nk+1 = k + nk we obtain
‖x + xnk+1‖ ∧ ‖x − xnk+1‖ = ‖az1 + zk‖ ∧ ‖az1 − zk‖ < R˜W(a,X) + .
By induction, there exists a strictly increasing sequence of natural numbers (nk) such
that, for any k1,
‖x + xnk‖ ∧ ‖x − xnk‖ < R˜W(a,X) + 
holds.
Let us extract a subsequence (ws) of (xnk ) for which the limits lims→∞ ‖x + ws‖
and lims→∞ ‖x − ws‖ exist.
Then(
lim inf















s→∞ ‖x − ws‖
)
= lim
s→∞ (‖x + ws‖ ∧ ‖x − ws‖)
 R˜W(a,X) + .
Consequently, for any  > 0
RW(a,X)R˜W(a,X) + 
or equivalently RW(a,X)R˜W(a,X).
We now prove the converse inequality: Let  > 0 and let (xn) be a weakly null
sequence in BX.
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If (
lim inf





n→∞ ‖ax1 − xn‖
)
= lim inf
n→∞ ‖ax1 + xn‖,
by the deﬁnition of RW(a,X),
lim inf
n→∞ ‖ax1 + xn‖RW(a,X),
so there exists k > 1 for which




(‖ax1 + xn‖ ∧ ‖ax1 − xn‖)‖ax1 + xk‖ < RW(a,X) + . (4.1)
The case that(
lim inf





n→∞ ‖ax1 − xn‖
)
= lim inf
n→∞ ‖ax1 − xn‖,
is proved analogously. 
We conclude that R˜W(a,X)RW(a,X) + . From the arbitrariness of  follows
R˜W(a,X)RW(a,X).
Theorem 4.1. Let X be a reﬂexive Banach space.
(1) For all t > 0
X(t)
t (RW(1/t,X) + 1) − 1
2
.






1 + X(t) : t > 0
}
.
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Proof. (1) Let us take arbitrary t > 0 and  > 0.
Let (xn) be a weakly null sequence in BX.
From the previous proposition,
inf
n>1
(‖x1 + txn‖ ∧ ‖x1 − txn‖) = t inf
n>1
(‖(1/t)x1 + xn‖ ∧ ‖(1/t)x1 − xn‖)
 tRW(1/t,X),
so there exists k > 1 with
‖x1 + txk‖ ∧ ‖x1 − txk‖ tRW(1/t,X) + .
Since
‖x1 + txk‖ ∨ ‖x1 − txk‖1 + t,
we obtain that
‖x1 + txk‖ + ‖x1 − txk‖ = (‖x1 + txk‖ ∧ ‖x1 − txk‖) + (‖x1 + txk‖ ∨ ‖x1 − txk‖)
 tRW(1/t,X) + + 1 + t








 ‖x1 + txk‖ + ‖x1 − txk‖
2
− 1
 t (RW(1/t,X) + 1) − 1 + 
2
.
From (2.1) we conclude that
X(t)
t (RW(1/t,X) + 1) − 1 + 
2
.




, X) + 1) − 1
2
.
(2) Let a > 0 and  > 0.
Consider a weakly null sequence (xn) in BX.









and we can ﬁnd k > 1, such that




(‖ax1 + xn‖ ∧ ‖ax1 − xn‖)  ‖ax1 + xk‖ ∧ ‖ax1 − xk‖
 1
2
(‖ax1 + xk‖ + ‖ax1 − xk‖)
= a
2
(‖x1 + (1/a)xk‖ + ‖x1 − (1/a)xk‖)
< a(1 + X(1/a) + ).
From the previous proposition, we conclude that for all  > 0
RW(a,X)a(1 + (1/a) + )
or equivalently that RW(a,X)a(1 + (1/a)), as desired. 
We will also use the following properties of the modulus X.
Lemma 4.2. Let X be a Banach space. Consider the functions f and g deﬁned by
f (s) = X(s)
s
and
g(s) = 1 + X(s) − s
for each s > 0. Then f is nondecreasing and g is nonincreasing.
Proof. Let 0 < t < s. Let (xn) be a basic sequence in BX.
For each n1, we have
‖x1 ± sxn‖‖x1 ± txn‖ + s − t,














+ s − t
X(t) + s − t.
On the other hand









− 1 + ‖x1 ± sxn‖
)
= 1 + t
s



























We are now in a position to obtain the following characterization of reﬂexive Banach
spaces X for which ′X(0) < 1.
Corollary 4.3. If X is a reﬂexive Banach space, the following statements are equivalent:
(1) MW(X) > 1.




RW(a,X) : a > 0
}
> 1.
(4) ′X(0) < 1.




: 0 < s t
}
< 1.
(6) There exists t > 0 such that X(t) < t .
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Proof. (1)↔(2) and (4)↔(5) are evident from the deﬁnitions of MW(X) and ′X(0).
(3) → (2) and (5) → (6) are also evident.
To prove (2) → (3) we will show that if there exists a > 0 with RW(a,X) = 1+ a,
then RW(1, b) = 1 + b for all b > 0:
Let us then suppose that RW(a,X) = 1 + a for some a > 0 and consider another
number b > 0.
Let  ∈ (0, 1) arbitrary.
Since
RW(a,X) = 1 + a > 1 + a − (a ∧ 1),
we can ﬁnd x ∈ X with ‖x‖a and a weakly null sequence (xn) in BX such that(
lim inf





n→∞ ‖xn − x‖
)
> 1 + a − (a ∧ 1).
Consider, for each n1, a functional fn ∈ SX∗ so that
fn(xn + x) = ‖xn + x‖
and gn ∈ SX∗ so that
gn(xn − x) = ‖xn − x‖.
Since, by the reﬂexivity of X, BX∗ is w∗-sequentially compact, we can suppose, passing
to subsequences if necessary, that there exists f ∈ BX with fn w
∗→ f . Consequently
lim
n→∞ fn(x) = f (x)
and we obtain
1 + a − (a ∧ 1) < lim inf
n→∞ ‖xn + x‖ = lim infn→∞ fn(xn + x) = lim infn→∞ fn(xn) + f (x).
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we get
lim inf
n→∞ fn(xn) > (1 + a − (a ∧ 1)) − a > 1 − 
and




∥∥∥∥xn + ba x











> 1 − + b
a
a(1 − ) = (1 + b)(1 − ).
Analogously, dealing with the sequence (gn), we can suppose that
lim inf
n→∞
∥∥∥∥xn − ba x
∥∥∥∥ (1 + b)(1 − ).





∥∥∥∥xn + ba x
∥∥∥∥) ∧ (lim infn→∞
∥∥∥∥xn − ba x
∥∥∥∥)
 (1 + b)(1 − ).
From the arbitrariness of , we conclude that RW(b,X)1 + b.
So RW(b,X) = 1 + b.










(2) → (6) Suppose RW(a,X) < 1 + a. From the ﬁrst item in Theorem 4.1 we have
that
X(1/a)
(1/a)(RW(a,X) + 1) − 1
2
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so for t = 1
a
X(t)
t (1/t + 2) − 1
2
= t.
(6) → (2) Consider now t > 0 such that X(t) < t.
By the second item of Theorem 4.1
RW(1/t,X)(1/t)(1 + X(t))
so for a = 1
t
RW(a,X) < a(1 + 1/a) = 1 + a. 
As a consequence of the previous corollary we get the following version of Corol-
lary 3.4.
Corollary 4.4. If X is a reﬂexive Banach space satisfying ′X(0) < 1, then M(X) > 1
and in consequence X has the FPP.
To ﬁnish this section we will show that if X is a reﬂexive Banach space then 1/
is a lower bound for M(X), answering the question raised in [7]:
Since the function g of Lemma 4.2 is nonincreasing, for each t > 0, we have that
inf{1 + X(s) − s : 0 < s t} = 1 + X(t) − t
and in particular
inf{1 + X(s) − s : s ∈ [0, 1]} = X(1). (4.2)
From Theorem 4.1 we have in particular that
MW(X) 2
1 + X(1) . (4.3)
Let s ∈ [0, 1]. By (4.2) and the fact that X(s)0, we obtain
1 + X(1)  2 + X(s) − s
= 2
(





1 + X(s) − s2
)
.
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Therefore
1 + X(1)2.




5. Uniformly nonsquare Banach spaces
We now proceed to deduce the FPP for uniformly nonsquare Banach spaces from
the results of the previous sections:
If X is a uniformly nonsquare Banach space, so is X∗, that is ε0(X∗) < 2 (see
[20]), and from the Lindenstrauss’ formulae, the modulus of smoothness X satisﬁes
′X(0) < 1. Obviously X(t)X(t) for all t > 0, so ′X(0) < 1.
Also uniformly nonsquare Banach spaces are superreﬂexive. Hence as a consequence
of Corollary 4.4 we obtain the following fact.
Corollary 5.1. If X is a uniformly nonsquare Banach space, then M(X) > 1 and
consequently X has the FPP.
The next example proves that the class of Banach spaces with ′X(0) < 1 is strictly
wider than the class of uniformly nonsquare Banach spaces, showing that the above
result is a strict corollary of Corollary 4.4.
Example 5.2. Consider X = (R2, ‖.‖∞), Y = (2, ‖.‖2) and the product space Z =
X ⊕∞ Y , that is the product space X × Y provided with the norm
‖(x; y)‖ = max{‖x‖∞, ‖y‖2}
for x ∈ R2 and y ∈ 2.
Consider z1 = ((1, 1); 0) and z2 = ((1,−1); 0). It is clear that ‖z1‖ = ‖z2‖ = 1 and
‖z1 + z2‖ = ‖z1 − z2‖ = 2, so Z is not uniformly nonsquare.
Consider now a weakly null sequence (zn) in BZ and z ∈ BZ. Put zn = (xn; yn)
and z = (x; y).
Provided that zn
w→ 0, we have that xn → 0 and yn w→ 0 and consequently
lim
n→∞ ‖xn + x‖∞ = ‖x‖∞‖z‖1
and
lim inf
n→∞ ‖yn + y‖
2
2 = lim infn→∞ ‖yn‖
2
2 + ‖y‖2 lim infn→∞ ‖zn‖
2 + ‖z‖22.
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Therefore
lim inf





2 and consequently MW(X) > 1 or equivalently ′X(0) < 1.
Remark 2. We point the reader to Refs. [1,2,4,5,10–12,25,26] and specially to [20],
for the many characterizations of uniformly nonsquare Banach spaces.
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